Solving second order delay differential equations using direct two-point block method  by Seong, Hoo Yann & Abdul Majid, Zanariah
Ain Shams Engineering Journal (2015) xxx, xxx–xxxAin Shams University
Ain Shams Engineering Journal
www.elsevier.com/locate/asej
www.sciencedirect.comENGINEERING PHYSICS AND MATHEMATICSSolving second order delay diﬀerential equations
using direct two-point block method* Corresponding author at: Institute for Mathematical Research and
Mathematics Department, Faculty of Science, Universiti Putra
Malaysia, 43400 UPM Serdang, Selangor Darul Ehsan, Malaysia.
Tel.: +60 3 89466812; fax: +60 3 89437958.
E-mail addresses: yannseong@yahoo.com (H.Y. Seong), zanar-
iah@science.upm.edu.my (Z. Abdul Majid).
Peer review under responsibility of Ain Shams University.
Production and hosting by Elsevier
http://dx.doi.org/10.1016/j.asej.2015.07.014
2090-4479  2015 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
Please cite this article in press as: Seong HY, Abdul Majid Z, Solving second order delay diﬀerential equations using direct two-point block method, Ain Sham
(2015), http://dx.doi.org/10.1016/j.asej.2015.07.014Hoo Yann Seong a,c, Zanariah Abdul Majid a,b,*aDepartment of Mathematics, Faculty of Science, Universiti Putra Malaysia, 43400 UPM Serdang, Selangor DE, Malaysia
b Institute for Mathematical Research, Universiti Putra Malaysia, 43400 UPM Serdang, Selangor DE, Malaysia
cCentre for Defence Foundation Studies, Universiti Pertahanan Nasional Malaysia, Kem Sungai Besi, 57000 Kuala Lumpur,
MalaysiaReceived 27 February 2015; revised 25 June 2015; accepted 23 July 2015KEYWORDS
Delay differential equations;
Block method;
Direct methodAbstract This paper will consider the implementation of direct two-point fourth and fifth order
multistep block method in the form of Adams–Moulton method to solve second order delay differ-
ential equations (DDEs) directly without transforming the equations into system of first order
DDEs. The proposed methods will compute the numerical solutions at two points simultaneously
which are implemented in predictor–corrector (PECE) mode. The formulation and stability analysis
of the block method are discussed. The block method will approximate the computing solutions
using constant step size. Numerical results are presented to show that the proposed methods are
suitable for solving second order DDEs compared with the existing methods.
 2015 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The second order delay differential equations (DDEs) are of
the form ofy00 ¼ f t; yðtÞ; y t sð Þð Þ; a 6 t 6 b; s > 0 ð1Þ
y0ðaÞ ¼ X ð2Þ
yðtÞ ¼ /ðtÞ; a 6 t 6 a; 0 6 s 6 a aj j ð3Þ
where /ðtÞ is the initial function and s is the delay term that
will be considered in this study. Ordinary differential equations
(ODEs) and DDEs arise in many different contexts through-
out the research in mathematics and sciences. The solutions
for ODEs will only consider at the current state, while the
DDEs will contain in addition the past state.
There were many numerical methods that have been pro-
posed to solve second order DDEs directly such as direct
Adams–Moulton method [1], two-point one-step block
method [2], spline collocation methods [3] and Adomian
decomposition method [4]. Several researchers such as Hue
et al. [5], Ismail et al. [6], Radzi et al. [7] and Ishak et al. [8]s Eng J
2 H.Y. Seong, Z. Abdul Majidhad extended the numerical methods for solving first order
ODEs into solving DDEs with some modifications.
Hoo et al. [1] had solved the second order DDEs directly
using direct one-point method of multistep type. The one-
point method will compute only one solution at one step, while
Rasdi et al. [2] had implemented the two-point and three point
one-step block method to solve DDEs directly. The methods in
Rasdi et al. [2] will compute two and three solutions simultane-
ously in a block. Currently, the multistep block methods have
been implemented to solve second and higher order ODEs [9–
11] and boundary value problems [12] effectively and accu-
rately. The motivation of this research is to develop the direct
two-point of multistep block method for solving second order
DDEs directly using constant step size. The multistep block
method has the advantages of reducing the number of function
evaluations and total steps but still manage to obtain better or
comparable accuracy when compared to the existing method.
Hence, the direct two-point block of order four and five in
the form of Adams–Moulton method will be implemented to
solve Eq. (1) directly.
2. The method
2.1. Formulation of the method
Most numerical methods for solving ODEs can be adapted to
solve DDEs. In this paper, we had adopted the direct block
method proposed by Majid et al. [9] to solve DDEs. The fol-
lowing is the derivation of the two-point direct Adams–Moul-
ton method. Consider the general second order ODEs as
follows:
y00 ¼ f x; y; y0ð Þ ð4Þ
with interval a; b½ .
The interval a; b½  is divided into a series of block with each
block containing two points as shown in Fig. 1. Two approx-
imated values i.e. ynþ1 and ynþ2 at xnþ1 and xnþ2 respectively are
simultaneously found using the same back values. The first
point will be approximated by integrating once and twice
Eq. (4) over the interval xn; xnþ1½  which gives
Integrating once :
Z xnþ1
xn
y00 xð Þdx¼
Z xnþ1
xn
f x;y;y0ð Þdx
or y0 xnþ1ð Þy0 xnð Þ¼
Z xnþ1
xn
f x;y;y0ð Þdx ð5Þ
Integrating twice :
Z xnþ1
xn
Z x
xn
y00 xð Þdxdx¼
Z xnþ1
xn
Z x
xn
f x;y;y0ð Þdxdx
or y xnþ1ð Þy xnð Þhy0 xnð Þ¼
Z xnþ1
xn
xnþ1xð Þf x;y;y0ð Þdx ð6ÞFigure 1 Two-poin
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ynþ2 of the two-point direct method. Eq. (4) will be integrated
once and twice over the interval xn; xnþ2½  which gives
Integrating once :
Z xnþ2
xn
y00 xð Þdx¼
Z xnþ2
xn
f x;y;y0ð Þdx
or y0 xnþ2ð Þ  y0 xnð Þ ¼
Z xnþ2
xn
f x;y;y0ð Þdx ð7Þ
Integrating twice :
Z xnþ2
xn
Z x
xn
y00 xð Þdxdx¼
Z xnþ2
xn
Z x
xn
f x;y;y0ð Þdxdx
or y xnþ2ð Þ  y xnð Þ  2hy0 xnð Þ ¼
Z xnþ2
xn
xnþ2  xð Þf x;y;y0ð Þdx ð8Þ
Next, the function f x; y; y0ð Þ in (5)–(8) will be approximated
using Lagrange polynomial. For the case of order four, the
interpolation points involved were i.e. xn1; yn1ð Þ; xn; ynð Þ;f
xnþ1; ynþ1
 
; xnþ2; ynþ2
 g. The Lagrange polynomial involved
was
P3 ¼ x xn1ð Þ x xnð Þ x xnþ1ð Þ
xnþ2  xn1ð Þ xnþ2  xnð Þ xnþ2  xnþ1ð Þ fnþ2
þ x xn1ð Þ x xnð Þ x xnþ2ð Þ
xnþ1  xn1ð Þ xnþ1  xnð Þ xnþ1  xnþ2ð Þ fnþ1
þ x xn1ð Þ x xnþ1ð Þ x xnþ2ð Þ
xn  xn1ð Þ xn  xnþ1ð Þ xn  xnþ2ð Þ fn
þ x xnð Þ x xnþ1ð Þ x xnþ2ð Þ
xn1  xnð Þ xn1  xnþ1ð Þ xn1  xnþ2ð Þ fn1 ð9Þ
Let s ¼ xxnþ2
h
and replace dx ¼ h ds and change the limit of
integration from 2 to 1 for the first point and 2 to 0 for
the second point.
The same process was applied to derive the formulae for
two-point direct method of order five. For this process, the
interpolation points were xn2; yn2ð Þ; xn1; yn1ð Þ; xn; ynð Þ;f
xnþ1; ynþ1
 
; xnþ2; ynþ2
 g.
The corrector formulae of the two-point fourth order
method were
y0nþ1 ¼ y0n þ
h
24
fnþ2 þ 13fnþ1 þ 13fn  fn1
  ð10Þ
ynþ1 ¼ yn þ hy0n þ
h2
360
7fnþ2 þ 66fnþ1 þ 129fn  8fn1
  ð11Þ
y0nþ2 ¼ y0n þ
h
3
fnþ2 þ 4fnþ1 þ fn
  ð12Þ
ynþ2 ¼ yn þ 2hy0n þ
h2
45
2fnþ2 þ 54fnþ1 þ 36fn  2fn1
  ð13Þ
The proposed method is the combination of predictor of
one order less than the corrector.t direct method.
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follows:
y0nþ1 ¼ y0n þ
h
12
23fn  16fn1 þ 5fn2ð Þ ð14Þ
ynþ1 ¼ yn þ hy0n þ
h2
24
19fn  10fn1 þ 3fn2ð Þ ð15Þ
y0nþ2 ¼ y0n þ
h
3
19fn  20fn1 þ 7fn2ð Þ ð16Þ
ynþ2 ¼ yn þ 2hy0n þ
h2
3
14fn  12fn1 þ 4fn2ð Þ ð17Þ
The predictor–corrector above will be called as 2PDBM4
method.
The corrector formulae of the two-point fifth order method
(2PDBM5) were
y0nþ1 ¼ y0n þ
h
720
19fnþ2 þ 346fnþ1 þ 456fn  74fn1 þ 11fn2
  ð18Þ
ynþ1 ¼ yn þ hy0n þ
h2
1440
17fnþ2 þ 220fnþ1 þ 582fn  76fn1 þ 11fn2
  ð19Þ
y0nþ2 ¼ y0n þ
h
90
29fnþ2 þ 124fnþ1 þ 24fn þ 4fn1  fn2
  ð20Þ
ynþ2 ¼ yn þ 2hy0n þ
h2
90
5fnþ2 þ 104fnþ1 þ 78fn  8fn1 þ fn2
  ð21Þ
The predictor for 2PDBM5 will be derived similarly as the cor-
rector but the order will be four.2.2. Order of the method
The order of this developed method is calculated as proposed
by [13–15]. The two-point block method for ODEs can be writ-
ten in a matrix difference equation as follows:
aYN ¼ hbY0N þ h2cFN ð22Þ
where
YN ¼
yn1
yn
ynþ1
ynþ2
2
6664
3
7775; Y0N ¼
y0n1
y0n
y0nþ1
y0nþ2
2
6664
3
7775; FN ¼
fn1
fn
fnþ1
fnþ2
2
6664
3
7775;
By applying the formulae for the constants Cq, in [13] the for-
mulae are defined as
C0 ¼ a0 þ a1 þ a2 þ a3
C1 ¼ a1 þ 2a2 þ 3a3  b0 þ b1 þ b2 þ b3ð Þ
C2 ¼ 1
2!
a1 þ 22a2 þ 32a3
  b1 þ 2b2 þ 3b3ð Þ  c0 þ c1 þ c2 þ c3ð Þ
C3 ¼ 1
3!
a1 þ 23a2 þ 33a3
  b1 þ 22b2 þ 32b3  c1 þ 2c2 þ 3c3ð Þ
C4 ¼ 1
4!
a1 þ 24a2 þ 34a3
  b1 þ 23b2 þ 33b3  c1 þ 22c2 þ 32c3 
..
.
Cq ¼
Xk
j¼1
jq
q!
aj  j
q1
q 1ð Þ!bj 
jq2
q 2ð Þ! cj
 
; where q¼ 3;4;5; . . .
ð23Þ
The method has order p if C0 ¼ C1 ¼    ¼ Cpþ1 ¼ 0 and
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be obtained by using equation in (23).
C0 ¼
0
0
0
0
2
666664
3
777775
þ
0
1
0
1
2
666664
3
777775
þ
0
1
0
0
2
666664
3
777775
þ
0
0
0
1
2
666664
3
777775
¼
0
0
0
0
2
666664
3
777775
C1 ¼
0
1
0
1
2
666664
3
777775
þ 2
0
1
0
0
2
666664
3
777775
þ 3
0
0
0
1
2
666664
3
777775

0
0
0
0
2
666664
3
777775
þ
0
1
0
2
2
666664
3
777775
þ
0
0
0
0
2
666664
3
777775
þ
0
0
0
0
2
666664
3
777775
0
BBBBB@
1
CCCCCA
¼
0
0
0
0
2
666664
3
777775
C2 ¼ 1
2!
0
1
0
1
2
666664
3
777775
þ 2
0
1
0
0
2
666664
3
777775
þ 3
0
0
0
1
2
666664
3
777775
0
BBBBB@
1
CCCCCA

0
1
0
2
2
666664
3
777775
þ 2
0
0
0
0
2
666664
3
777775
þ 3
0
0
0
0
2
666664
3
777775
0
BBBBB@
1
CCCCCA

0
 8
360
0
 2
45
2
666664
3
777775
þ
0
129
360
0
36
45
2
666664
3
777775
þ
0
66
360
0
54
45
2
666664
3
777775
þ
0
 7
360
0
2
45
2
666664
3
777775
0
BBBBB@
1
CCCCCA
¼
0
0
0
0
2
666664
3
777775
C3 ¼ 0 0 0 0½ T
C4 ¼ 0 0 0 0½ T
C5 ¼ 0 0 0 0½ T
C6 ¼ 0 111440 0 190
 T
– 0 0 0 0½ T:
Hence, the corrector formulae 2PDBM4 in Eqs. (10)–(13) are
of order four and the error constant is 0 111440 0
1
90
 T
. A
method is said to be consistent if it has order at least one. Since
the 2PDBM4 is order four, hence the method is said to be con-
sistent. The same process is applied to the corrector formulae
2PDBM5 in Eqs. (18)–(21). The error constant is
C7 ¼ 0 3710080 0 1315
 T
– 0 0 0 0½ T. Hence the method
2PDBM5 is of the order 5 and it is also consistent.2.3. Stability analysis
The method is zero stable provided the roots Rj of the first
characteristic polynomial q Rð Þ specified as q Rð Þ ¼ detPk
i¼0A
ið ÞRki
h i
¼ 0, satisfy Rj
  6 1.lay diﬀerential equations using direct two-point block method, Ain Shams Eng J
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1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
2
666664
3
777775
y0nþ1
ynþ1
y0nþ2
ynþ2
2
666664
3
777775
¼
0 0 1 0
0 0 0 1
0 0 1 0
0 0 0 1
2
666664
3
777775
y0n1
yn1
y0n
yn
2
666664
3
777775
þ h
0 0 0 0
0 0 1 0
0 0 0 0
0 0 2 0
2
666664
3
777775
y0n1
yn1
y0n
yn
2
666664
3
777775
þ h
 1
24
13
24
13
24
 1
24
0 0 0 0
0 1
3
4
3
1
3
0 0 0 0
2
666664
3
777775
fn1
fn
fnþ1
fnþ2
2
666664
3
777775
þ h2
0 0 0 0
 8
360
129
360
66
360
 7
360
0 0 0 0
 2
45
36
45
54
45
2
45
2
666664
3
777775
fn1
fn
fnþ1
fnþ2
2
666664
3
777775
The first characteristic polynomial of the method is given as
follows:
q Rð Þ ¼ det RA0  A1  ¼ 0;
where A0 ¼
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
2
664
3
775 and A1 ¼
0 0 1 0
0 0 0 1
0 0 1 0
0 0 0 1
2
664
3
775.
qðRÞ ¼ det
R 0 1 0
0 R 0 1
0 0 R 1 0
0 0 0 R 1
2
6664
3
7775 ¼ 0
R 1ð Þ2R2 ¼ 0
R ¼ 0; 0; 1; 1
Since Rj
  6 1, the method is said to be zero stable.
There are many concepts of stability of numerical methods
when applied to DDE, depending on the test equation as well
as the delay term involved. We would like to study the stability
of the method by substituting the test equation
f ¼ ky xð Þ þ ly x sð Þ ð24Þ
into the proposed method.
The 2PDBM4 in Eqs. (10)–(13) can be described in the fol-
lowing matrix form:
A0YNþ1 ¼ A1YN þ hB1YN þ hC1FN þ h2D1FN ð25Þ
where
YNþ1 ¼
y0nþ1
ynþ1
y0nþ2
ynþ2
2
6664
3
7775; YN ¼
y0n1
yn1
y0n
yn
2
6664
3
7775; FN ¼
fn1
fn
fnþ1
fnþ2
2
6664
3
7775;Please cite this article in press as: Seong HY, Abdul Majid Z, Solving second order de
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1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
2
6664
3
7775; A1 ¼
0 0 1 0
0 0 0 1
0 0 1 0
0 0 0 1
2
6664
3
7775;
B1 ¼
0 0 0 0
0 0 1 0
0 0 0 0
0 0 2 0
2
6664
3
7775; C1 ¼
 1
24
13
24
13
24
 1
24
0 0 0 0
0 1
3
4
3
1
3
0 0 0 0
2
6664
3
7775;
D1 ¼
0 0 0 0
 8
360
129
360
66
360
 7
360
0 0 0 0
 2
45
36
45
54
45
2
45
2
6664
3
7775:
The test equation in Eq. (24) is applied to the 2PDBM4 in the
matrix form (25) and gives,
A0YNþ1 ¼ A1YN þ hB1YN þ hC1 kYN þ lYNmð Þ
þ h2D1 kYN þ lYNmð Þ
The following stability polynomial is obtained by substitut-
ing H1 ¼ h2l;H2 ¼ h2k and for case m ¼ 1.
1 41
180
H2þ 17
540
H22þ 7
360
H1
 
t8
þ 2107
30
H229
60
H22þ 83
120
H12
9
H1H2 17
540
H12
 
t7
þ 111
60
H2þ 7
60
H22þ 67
120
H12
9
H1H2313
180
H12
 
t6
þ  1
45
H2þ 1
540
H22þ 23
360
H1 7
60
H12
 
t5
þ  1
540
H12
 
t4 ¼ 0 ð26Þ
The boundary of the stability region in H1 – H2 plane is
determined by substitutingt in the stability polynomial with
1, – 1 and eih; 0 6 h 6 2p. Fig. 2 illustrates the stability region
for 2PDBM4.
Applying the same procedure into 2PDBM5 in Eqs. (18)–
(21) gives the stability polynomial in Eq. (27). Fig. 3 illustrates
the stability region for 2PDBM5.
1 5
24
H2þ 239
10800
H22 þ 17
1440
H1
 
t8
þ 2 1307
360
H2 473
900
H22  353
180
H1 239
10800
H12
 
t7
þ 1 37
360
H2þ 1951
10800
H22  1511
720
H1þ 1
1800
H1H2þ 473
900
H12
 
t6
þ  29
360
H2þ 43
5400
H22 þ 1
30
H1þ 11
5400
H1H2 937
5400
H12
 
t5
þ 7
480
H1 1
600
H1H2 17
900
H12
 
t4 þ 1
10800
H12
 
t3 ¼ 0
ð27Þ
2.4. Convergence analysis
A basic property for the proposed method to be accepted is
that the solutions ynf g generated by the method are conver-
gence. According to [16], a linear multistep method is conver-
gent if and only if it is stable and consistent.lay diﬀerential equations using direct two-point block method, Ain Shams Eng J
Figure 2 Stability region of 2PDBM4.
Figure 3 Stability region of 2PDBM5.
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Xk
j¼0
aiynþj ¼ h2
Xk
j¼0
bifnþj;
is said to be consistent if the LMM is of the order pP 1.
The 2PBDM4 is order p ¼ 4 with error constant
0 11
1440
0 1
90
 T
and 2PBDM5 is order p ¼ 5 with error con-
stant 0 37
10080
0 1
315
 T
. Both methods 2PDBM4 and
2PDBM5 are having order greater than one; therefore, these
methods are consistent according to the definition. These meth-
ods are zero stable and as conclusion both methods are
convergent.
3. Implementation
The methods 2PDBM4 and 2PDBM5 are in the form of PECE
scheme where P stands for an application of a predictor, E
stands for an evaluation of a function f, and C stands for anPlease cite this article in press as: Seong HY, Abdul Majid Z, Solving second order de
(2015), http://dx.doi.org/10.1016/j.asej.2015.07.014application of a corrector. For the method 2PDBM4, Eq.
(10) needs three previous values to perform the calculation.
Starting with the one initial value that has been provided,
the method needs another two values. So the developed code
starts by calculating the two values using Adams–Bashforth
method. This procedure happens only once at the beginning
of the interval. Once these values were calculated, then the pro-
posed method can be applied until the end of the interval. Sim-
ilarly for the method 2PDBM5 the developed code needs to
calculate three values by using Adams–Bashforth method.
All these calculated solutions will be stored for future use.
Two different ways to calculate the delay term in our devel-
oped code. For xn  s 6 0, the delay term is calculated using
the initial function given, / xð Þ. For xn  s > 0, the delay terms
are rely on the location of x sð Þ. From this location, we are
able to recall the values which we had stored earlier. In this
paper, no interpolation is required due to implementation in
constant step sizes. The algorithms of the proposed methodlay diﬀerential equations using direct two-point block method, Ain Shams Eng J
Table 1 Maximumabsolute error for the solutionof problem1.
h METHOD MAXE FCN
p
30 2PDBM4 1.508479E05 58
2PDBM5 2.938790E06 63
2PBDDE 1.211031E04 75
3PBDDE 2.414116E04 70
p
300 2PDBM4 1.306985E09 463
2PDBM5 3.377759E10 468
2PBDDE 1.173845E07 750
3PBDDE 2.337067E07 700
p
3000 2PDBM4 5.502751E12 4513
2PDBM5 5.413698E12 4518
2PBDDE 9.798482E11 7500
3PBDDE 1.781091E11 7000
Table 3 Maximumabsolute error for the solutionof problem3.
h METHOD MAXE FCN
p
30 2PDBM4 5.832148E05 58
2PDBM5 8.136185E06 63
2PBDDE 1.968976E06 75
3PBDDE 2.900691E06 70
p
300 2PDBM4 6.083253E09 463
2PDBM5 8.985671E10 468
6 H.Y. Seong, Z. Abdul Majidwere developed in C language. In the code, the selection of step
sizes is pre-determined.
3.1. Algorithm of 2PDBM4
Step 1: Set starting value a, ending value b, step size h, given
initial value and given initial function / xð Þ.
Step 2: For n ¼ 1; 2
Set xnþ1 ¼ aþ nh, compute function f n and delay
term dn.
Evaluate the approximate value ynþ1 with direct
Adams–Bashforth method.
Step 3: While xn < b do step 4
Step 4: Set xnþ1 ¼ xn þ h, compute function f n and delay
term dn.
Evaluate the approximate value ynþ1 and ynþ2 with
proposed method.
Compute y0nþ1; ynþ1; y
0
nþ2 and ynþ2 using the predic-
tor formulas as follows:Table 2
t
0.1280
0.2360
0.3418
0.4444
0.5440
0.6412
0.7346
0.8264
0.9136
1.0000
2PBDDE 6.104956E10 750
3PBDDE 3.481216E10 700
p
3000 2PDBM4 2.124595E11 4513
2PDBM5 2.072245E11 4518
2PBDDE 8.203267E10 7500
3PBDDE 8.202990E10 7000
Please cite th
(2015), http:/y0nþ1 ¼ y0n þ
h
12
23fn  16fn1 þ 5fn2ð Þ
ynþ1 ¼ yn þ hy0n þ
h2
24
19fn  10fn1 þ 3fn2ð Þ
y0nþ2 ¼ y0n þ
h
3
19fn  20fn1 þ 7fn2ð Þ
ynþ2 ¼ yn þ 2hy0n þ
h2
3
14fn  12fn1 þ 4fn2ð ÞMaximum absolute error for the solution of problem 2.
VMM [17] t h 1PDM5
Error MAXE FCN
4.981077E08 0.1280 0.01280 1.187189E09 61
1.726081E07 0.2360 0.02360 1.376962E08 67
3.588844E07 0.3418 0.03418 6.102021E08 67
5.915465E07 0.4444 0.04444 1.761052E07 67
8.587104E07 0.5440 0.05440 7.825735E07 67
1.149535E06 0.6412 0.06412 2.571413E07 67
1.449843E06 0.7346 0.07346 1.366551E06 67
1.756201E06 0.8264 0.08264 2.218134E06 69
2.051398E06 0.9136 0.09136 3.353080E06 73
2.341980E06 1.0000 0.10000 4.862444E06 73
is article in press as: Seong HY, Abdul Majid Z, Solving second order delay diﬀerentia
/dx.doi.org/10.1016/j.asej.2015.07.014Compute y0nþ1; ynþ1; y
0
nþ2 and ynþ2 using the correc-
tor formulas as follows:y0nþ1 ¼ y0nþ
h
24
fnþ2þ13fnþ1þ13fn fn1
 
ynþ1 ¼ ynþhy0nþ
h2
360
7fnþ2þ66fnþ1þ129fn8fn1
 
y0nþ2 ¼ y0nþ
h
3
fnþ2þ4fnþ1þ fn
 
ynþ2 ¼ ynþ2hy0nþ
h2
45
2fnþ2þ54fnþ1þ36fn2fn1
 Step 5: End
4. Numerical results
Three second-order DDEs problems with constant delay have
been used to show the study of the efficiency of the 2PDBM4
and 2PDBM5. The numerical results that have been obtained
for problems 1 and 3 are compared with two point and three
point one-step block method in [2]. Problem 2 is compared
between the proposed block methods with one point direct
multistep method in [1] and variable multistep methods
(VMMs) in [17].2PDBM4 2PDBM5
MAXE FCN MAXE FCN
8.384515E10 44 1.046956E09 60
9.707761E09 44 1.212719E08 60
4.280682E08 44 6.842620E08 60
1.223770E07 44 1.543700E07 60
2.737979E07 44 4.496489E07 60
5.230817E07 44 8.789196E07 60
8.837612E07 44 1.531202E06 60
1.369899E06 44 1.912812E06 60
1.948714E06 44 4.243031E06 60
2.601204E06 44 4.150048E06 60
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10−6
10−5
2PDBM4
2PDBM5
VMM
1PDM5
Solving second order delay differential equationsProblem 1
y00ðtÞ ¼  1
2
yðtÞ þ 1
2
yðt pÞ; t 2 ½0; p;
yðtÞ ¼ 1 sinðtÞ; p 6 t 6 0:
ð28Þ
The exact solution is yðtÞ ¼ 1 sinðtÞ.
Source: [2].
Problem 2
y00ðtÞ þ yðtÞ ¼ yðt 1Þ; t 2 ½0; 1;
yðtÞ ¼ t2 þ 3tþ 2; 1 6 t 6 0;
y0ð0Þ ¼ 0
ð29Þ
The exact solution is yðtÞ ¼ 4 cosðtÞ  sinðtÞ þ t2þ
t 2; 0 6 t 6 1
Source: [17].
Problem 3
y00ðtÞ ¼ yðt pÞ; t 2 ½0; p;
yðtÞ ¼ sinðtÞ; p 6 t 6 0: ð30Þ
The exact solution is yðtÞ ¼ sinðtÞ
Source: [2].
The following notations are used in Tables 1–3:F
m
10−7g)
P
(h101
10−12
10−10
10−8
10−6
10−4
10−2
M
AX
E(
log
)
igure 4 C
ethods and
lease cite this
2015), http://Step size usedE(
loMAXE Maximum ErrorAXFCN Total function calls
10−8M2PDBM4 Two point direct block method order 4 proposed in this
research2PDBM510−9
Two point direct block method order 5 proposed in this
research1PDM5 One point direct multistep method for solving second
order DDEs directly in [1]10−102PBDDE
0 0.2 0.4 0.6 0.8 1Two point one-step block method for solving second
order DDEs directly in [2]
Step Size3PBDDE Three point one-step block method for solving second
order DDEs directly in [2]
Figure 5 Comparison of maximum error between proposedVMM Variable multistep method in [17]102 103 104
FCN(log)
2PDBM4
2PDBM5
2PBDDE
3PBDDE
omparison of maximum error between proposed
one-step block methods for solving problem 1.
article in press as: Seong HY, Abdul Majid Z, Solving second order de
dx.doi.org/10.1016/j.asej.2015.07.014The numerical results for solving Problem 1–3 are shown in
Tables 1–3.
In Problem 1, we have used three different step sizes i.e.
p
30
; p
300
and p
3000
. We can observe in Table 1 that the proposed
methods, 2PDBM4 and 2PDBM5 are better in terms of max-
imum error and total function calls for all step sizes. For exam-
ple, 2PDBM5 with the step size p
30
is able to obtain the
maximum error of 2.938790E06 and total function calls are
63, while the methods 2PBDDE and 3PBDDE in [2] have
obtained higher total function calls with maximum error of
1.211031E04 and 2.414116E04 respectively. At the smallest
step size i.e. p
3000
, the total function calls for 2PDBM4 and
2PDBM5 are approximately 60% less compared to 2PBDDE
and 3PBDDE.
Table 2 shows the comparison results between the one point
direct multistep method [1], variable multistep method [17] and
the proposed multistep block methods in this research. In
Problem 2, we used the step sizes in the range of 0.0128 to 0,
7methods and existing methods for solving problem 2.
101 102 103 104
10−11
10−10
10−9
10−8
10−7
10−6
10−5
10−4
FCN(log)
M
AX
E(
log
)
2PDBM4
2PDBM5
2PBDDE
3PBDDE
Figure 6 Comparison of maximum error between proposed
methods and one-step block methods for solving problem 3.
lay diﬀerential equations using direct two-point block method, Ain Shams Eng J
8 H.Y. Seong, Z. Abdul Majidwhile VMM has used varies step sizes (range from 0.0016 to
0.002) at different values of t. We can observe that the
2PDBM4 and 2PDBM5 at larger step sizes with total steps
10 are able to obtain the comparable results compared to the
VMM method. For the comparison with one point direct mul-
tistep method, we have used the similar step sizes and the result
is comparable with lesser total function calls.
Table 3 shows the comparisons between the proposed
methods with the one-step block methods in [2]. For the larger
step sizes, the 2PDBM4 and 2PDBM5 have slightly larger or
comparable error but less total function calls compared to
the one-step block methods. For the smallest step size i.e.
p
3000
, 2PDBM4 and 2PDBM5 have obtained better accuracy
compared to one-step block methods with less total function
calls.
The plots of step size vs. MAXE for the proposed methods
compared to one-step block method and variable multistep
method for Problems 1–3 are shown in Figs. 4–6.
5. Conclusion
In this study, we have shown our proposed methods are suit-
able for solving second order DDEs directly. The methods
have better maximum error and lower total function calls.
For each problem, the proposed block method with fifth order
is slightly better than the fourth order in terms of accuracy but
with the cost of higher total function calls.
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